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RESUME

Tout d’abord, on introduit notion de tenseur Ricci pseudo-anti commutatif pour
les hypersurfaces réelles de la quadrique complexe Q™ = SOp42/50mSO02,
et on déduit une classification compléte des ces hypersurfaces de la quadrique
complexe Q™. Ensuite, en tant qu’application, on en déduit une classification
complete des solitons hypersurfaces réelles Ricci sur Hopf de la quadrique
complexe Q™.

© 2016 Elsevier Masson SAS. All rights reserved.

1. Introduction

In the case of Hermitian symmetric spaces of rank 2, usually we can give examples of Riemannian sym-
metric spaces Go(C™2) = SU,;,42/S(U2Uy,) and G5(C™2) = SUs ,,,/S(UsU,,), which are called complex
two-plane Grassmannians and complex hyperbolic two-plane Grassmannians respectively (see [9-11,15-17]).

These are viewed as Hermitian symmetric spaces and quaternionic Kéhler symmetric spaces equipped with
the Kéhler structure J and the quaternionic Kéhler structure J. The rank of this kind of Hermitian sym-

metric spaces is equal to 2.

Among the other different types of Hermitian symmetric spaces with rank 2 in the class of compact type

manifolds, we can give the example of complex quadric Q™ = SO, +2/50250,,. It is a complex hypersurface
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in complex projective space CP™ (see Smyth [14,19,20]). The complex quadric Q™ is considered as a real
Grassmann manifold of compact type with rank 2 (see Kobayashi and Nomizu [5]). Moreover, it is well known
that the complex quadric admits two important geometric structures, a complex conjugation structure A
and a Kéahler structure J, which anti-commute with each other, that is, AJ = —JA. Then for m>2 the
triple (Q™, J, g) is a Hermitian symmetric space of compact type with rank 2 and its maximal sectional
curvature is equal to 4 (see Klein [4] and Reckziegel [12]).

Applying the Kéhler structure J of the complex quadric @™, we can transfer any tangent vector fields
X on M in Q™ as follows:

JX = ¢X + n(X)N,

where ¢X = (JX)T denotes the tangential component of JX, n an 1-form defined by n(X) = g(JX,N) =
g(X, £) for the Reeb vector field £ = —JN and N is a unit normal vector field on M in Q™.

When the Ricci tensor Ric commutes or anti-commutes with the structure tensor ¢, that is, Ric-¢ = ¢-Ric
or Ric-¢ = —¢-Ric, the Ricci tensor is said to be commuting or anti-commuting respectively. Motivated by
the notions of commuting and anti-commuting, we consider a new notion of pseudo-anti commuting Ricci
tensor which was introduced in a paper due to Jeong and Suh [3]. It is defined by

Ric-¢ + ¢-Ric = k¢, Kk#£0 : constant,

where the structure tensor ¢ is induced from the Kéhler structure J of the Hermitian symmetric space.
If the Ricci tensor of a real hypersurface M in Q™ satisfies

Ric(X) = aX + bn(X)¢E,

for any vector fields X on M and constants a,b€R, then M is said to be pseudo-FEinstein.

It is known that Einstein, or pseudo-Einstein real hypersurfaces in the sense of Besse [1], Kon [6], and
Cecil and Ryan [2], satisfy the condition of pseudo-anti commuting Ricci tensor. A real hypersurface of
type (B) in CP™, which is characterized by S¢ + ¢S = k¢, k#0, where S denotes the shape operator of
M in CP™, and are tubes over a totally real totally geodesic real projective space RP", m = 2n, satisfy
the formula of pseudo-anti commuting Ricci tensor (see Yano and Kon [21]). Moreover, it can be easily
checked that Einstein hypersurfaces and some special kind of pseudo-Einstein hypersurfaces in Go(C™*?),
and hypersurfaces of type (B) in G5 (C™*2), which are tubes over a totally real totally geodesic quaternionic
projective space HP™, m = 2n, satisfy this formula (see Pérez, Suh and Watanabe [11], Suh [15] and [18]).

In the complex quadric Q™, Suh [18,19] classified all contact hypersurfaces in Q™, which satisfy
S¢+ ¢S = k¢, k£0, for the shape operator S of a real hypersurface M in @™, and has given a char-
acterization of a tube of radius r around an m-dimensional totally real and totally geodesic sphere S™
in Q™. All of these hypersurfaces in Hermitian symmetric spaces also satisfy the condition of pseudo-anti
commuting Ricci tensor.

Recently, we have shown that a solution of the Ricci flow equation % g(t) = —2Ric(g(t)) is given by

%(g‘,g)(}g Y) 4+ Ric(X,Y) = pg(X,Y),

where p is a constant and £y denotes the Lie derivative along the direction of the vector field V' (see Morgan
and Tian [7]). Then the solution is said to be a Ricci soliton with potential vector field V' and Ricci soliton
constant p, and surprisingly, it satisfies the pseudo-anti commuting condition Ric-¢ 4+ ¢-Ric = k¢, where
K = 2p is a non-zero constant.

In the complex two-plane Grassmannian Go(C™*2), Jeong and Suh [3] gave a classification of Ricci soli-
tons for real hypersurfaces. In this paper we want to give a complete classification of pseudo-anti commuting
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Ricci tensor for Hopf real hypersurfaces in the complex quadric Q™. In order to do this we introduce some
background for the study of real hypersurfaces in Hermitian symmetric spaces including complex projective
space CP™ = SU,,11/S(U U,,), complex two-plane Grassmannian Go(C™*2) = SU,,12/S(UsU,,), com-
plex hyperbolic two-plane Grassmannian G%(C™*2) = SUs ,,,/S(UsU,,) and real two-plane Grassmannian,
that is, a complex quadric Q™.

Okumura [13] proved that the Reeb flow on a real hypersurface in CP™ = SU,;,41/S(U1U,y,) is isometric
if and only if M is an open part of a tube around a totally geodesic CP* ¢ CP™ for some k € {0,...,m—1}.
For the complex 2-plane Grassmannian Go(C™%2) = SU,,, 12/S(UsU,,) a classification was obtained by Suh
in [15] and [17]. The Reeb flow on a real hypersurface in Go(C™%2) is isometric if and only if M is an open
part of a tube around a totally geodesic Go(C™T1) C Go(C™*2). Moreover, in [16] we have proved that the
Reeb flow on a real hypersurface in G5(C™*2) = SUs ,,,/S(UsU,,) is isometric if and only if M is an open
part of a tube around a totally geodesic SUsz ym—1/S(UaUp—1) C SUs.m/S(U2Up,). For the complex quadric
Q™ = 50;42/50250,,, Suh [18] and [19] has obtained the following result:

Theorem A. Let M be a real hypersurface of the complex quadric Q™, m > 3. Then the Reeb flow on M is
isometric if and only if m is even, say m = 2k, and M is an open part of a tube around a totally geodesic
CPk C Q%.

On the other hand, when a real hypersurface M in the complex quadric Q™ satisfies the formula
S¢ + ¢S = k¢, k##0 constant, for the shape operator S, we say that M is a contact real hypersurface in Q™.
In the papers due to Suh [19] and [20], we have introduced the classification of contact real hypersurfaces
in Q™ as follows:

Theorem B. Let M be a connected orientable real hypersurface with constant mean curvature in the Hermi-
tian symmetric space Q™ = SOp12/S0m SOz, m>3. Then M is a contact hypersurface if and only if M is
congruent to an open part of a tube of radius r, 0 <r < ;W’ around the m-dimensional sphere S™ which
is embedded in Q™ as a real form of Q™.

In addition to the complex structure J there is another distinguished geometric structure on ™, namely
a parallel rank two vector bundle 2 which contains an S'-bundle of real structures, that is, complex conju-
gations A on the tangent spaces of Q™. The set is denoted by Ap,) = {Axz|AeS*CC}, [2]eQ™, and it is the
set of all complex conjugations defined on Q™. Then 4.} becomes a parallel rank 2-subbundle of End T'Q™.
This geometric structure determines a maximal 2(-invariant subbundle Q of the tangent bundle T'M of a
real hypersurface M in Q™. Here the notion of parallel vector bundle 21 means that (VxA)Y = ¢(X)AY
for any vector fields X and Y on Q™, where V and ¢ denote a connection and a certain 1-form defined on
Ti,1Q™, [2]€Q™ respectively.

Recall that a nonzero tangent vector W € T1,;Q™ is called singular if it is tangent to more than one
maximal flat in Q™. Here maximal flat means a 2-dimensional curvature flat maximal totally geodesic
submanifold in Q™. Such a maximal flat always exists, because the rank of Q™ is 2. There are two types of
singular tangent vectors for the complex quadric Q™ as follows:

1. If there exists a conjugation A € 2 such that W € V(A), then W is singular. Such a singular tangent
vector is called 2-principal.

2. If there exist a conjugation A € 2 and orthonormal vectors X,Y € V(A) such that W/||W|| =
(X 4+ JY)/+/2, then W is singular. Such a singular tangent vector is called 2f-isotropic.

Here we note that the unit normal N is said to be 2-principal if N is invariant under the complex conjugation
Aed, that is, AN = N.
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Now at each point z € M let us consider a maximal 2-invariant subspace
Q. ={X€eT.M|AX € T.M for all A € A1}

of T,M, ze M. Thus for a case where the unit normal vector field N is 2-isotropic it can be easily checked
that the orthogonal complement Ot = C,©Q., 2€ M, of the distribution Q in the complex subbundle C,
becomes QF = Span [A£, AN]. Here it can be easily checked that the vector fields A¢ and AN belong to
the tangent space T, M, ze M if the unit normal vector field N becomes 2l-isotropic. Then in this paper we
give a complete classification for real hypersurfaces with pseudo-anti commuting Ricci tensor in the complex
quadric Q™ as follows:

Main Theorem 1. Let M be a Hopf real hypersurface with pseudo-anti commuting Ricci tensor in the complex
quadric Q™, m>3. Then M is locally congruent to one of the following:

(i) M is an open part of a tube of radius r, 0 < r < ﬁ, around a totally real and totally geodesic

m-dimensional unit sphere S™ in Q™ , with A-principal unit normal vector field.
s
27
complex projective space CP* in Q**, m = 2k. Here the unit normal vector field N is A-isotropic.

ii) M is an open part of a tube of radius r, 0 < r < r#%, around a totally geodesic k-dimensional
]

When we consider the Ricci soliton (M, g, &, p) on a real hypersurface in the complex quadric @™, it can
be easily checked that (M, g,¢&, p) satisfies the condition of pseudo-anti commuting Ricci tensor, that is,
Ric-¢ + ¢-Ric = k¢, kK = 2p#0 constant. So, naturally the classification results in Main Theorem 1 can be
used to study a Ricci soliton (M, g,¢&, p). Then by virtue of Theorems A and B, and Main Theorem 1 we
can state another theorem on Ricci solitons as follows:

Main Theorem 2. Let (M, g,&, p) be a Ricci soliton on a Hopf real hypersurface in the complex quadric Q™,
m>3. Then M is locally congruent to one of the following:

(i) M is a tube of radius r around a totally real and totally geodesic m-dimensional unit sphere S™ in Q™,

with radius r = % cot™? (m) orr = % cot ™1 (2\/157”), Here the unit normal vector field N is
A-principal.
(ii) M is a tube of radius r = tan™" % around a totally geodesic k-dimensional complex projective space

CP* in Q**, m = 2k. Here the unit normal vector field N is A-isotropic.
2. The complex quadric

For more details not contained in this section we refer to [4,12,18 20]. The complex quadric @™ is the
complex hypersurface in CP™*! which is defined by the equation 22+ - - +22, 12 =0, where zy,..., 2y o are
homogeneous coordinates on CP™t!. We equip Q™ with the Riemannian metric which is induced from the
Fubini Study metric on CP™*! with constant holomorphic sectional curvature 4. The Kihler structure on
CP™*! induces canonically a Kihler structure (.J, g) on the complex quadric. For each [2] € Q™ we identify
T1,)CP™ ! with the orthogonal complement C™*2&Cz of Cz in C™*2 (see Kobayashi and Nomizu [5]). The
tangent space T,;Q™ can then be identified canonically with the orthogonal complement Cm+2o(CzaCz)
of Cz @ Cz in C™*2, where Z € v,)Q™ is a normal vector of Q™ in CP™! at the point [z].

The complex projective space CP™*! is a Hermitian symmetric space of the special unitary group
SU, 42, namely CP™ ! = SU,, . 2/S(UyUpy1). We denote by o = [0,...,0,1] € CP™*! the fixed point of
the action of the stabilizer S(UU,,1). The special orthogonal group SO,, 12 C SU,,42 acts on CP™! with
cohomogeneity one. The orbit containing o is a totally geodesic real projective space RP™+! c CP™*!,
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The second singular orbit of this action is the complex quadric Q™ = SOy, 42/50250,,. This homogeneous
space model leads to the geometric interpretation of the complex quadric Q™ as the Grassmann manifold
GF (R™*2) of oriented 2-planes in R™*2. It also gives a model of Q™ as a Hermitian symmetric space of
rank 2. The complex quadric Q' is isometric to a sphere S? with constant curvature, and Q? is isometric to
the Riemannian product of two 2-spheres with constant curvature. For this reason we will assume m > 3
from now on.

We denote by A; the shape operator of Q™ in CP™*! with respect to the unit normal z. It is defined by
Azw = V,,Z = w for a complex Euclidean connection V induced from C™*2 and all w € T, Q™. That is,
the shape operator A; is just a complex conjugation restricted to T,)Q™. Moreover, it satisfies the following
for any w € Tj,;Q™ and any xeSicc

Aizw = A)\EA)\EUJ = AAE/\U_J
= Mz 0 = AV, gz = Ao

= |A\2w = w.

Accordingly, A3_ = I for any A€S’. So the shape operator A; becomes an anti-commuting involution such
that A2 =1 and A;J = —JA; on the complex vector space T,1Q™ and

where V(Az) = R™2NT,;Q™ is the (41)-eigenspace and JV (Az) = iR™2NT,;Q™ is the (—1)-eigenspace
of As. That is, A;X = X and A;JX = —JX, respectively, for any XeV (Az).

Geometrically this means that the shape operator Az defines a real structure on the complex vector space
T1,)Q™, or equivalently, is a complex conjugation on T7,;Q™. Since the real codimension of Q™ in cpmtt
is 2, this induces a parallel S'-subbundle 2l of the endomorphism bundle End(7'Q™) consisting of complex
conjugations.

There is a geometric interpretation of these conjugations. The complex quadric @™ can be viewed as the
complexification of the m-dimensional sphere S™. Through each point [z] € Q™ there exists a one-parameter
family of real forms of @™ which are isometric to the sphere S™. These real forms are congruent to each
other under action of the center SO of the isotropy subgroup of SOy, 2 at [z]. The isometric reflection of
Q™ in such a real form S™ is an isometry, and the differential at [z] of such a reflection is a conjugation
on T,;Q™. Thus the family 2 of conjugations on 7},;Q™ corresponds to the family of real forms S™ of Q™
containing z, and the subspaces V(A) C T,Q™ correspond to the tangent spaces T.S™ of the real forms
S™ of Q™.

The Gauss equation for Q™ C CP™*! implies that the Riemannian curvature tensor R of Q™ can be
described in terms of the complex structure J and the complex conjugations A € 2A:

R(X,Y)Z =g(Y,Z2)X — g(X, 2)Y + g(JY, Z)JX — g(JX, Z)JY —29(JX,Y)JZ
+ g(AY, Z)AX — g(AX, Z)AY + g(JAY, Z)JAX — g(JAX, Z)JAY.

Note that J and each complex conjugation A anti-commute, that is, AJ = —J A for each A € 2.
3. Some general equations

Let M be a real hypersurface in @™ and denote by (¢, &, n, g) the induced almost contact metric structure.
Note that £ = —JN, where N is a (local) unit normal vector field of M. The tangent bundle TM of M
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splits orthogonally into TM = C @ RE, where C = ker(n) is the maximal complex subbundle of TM. The
structure tensor field ¢ restricted to C coincides with the complex structure J restricted to C, and ¢§ = 0.
At each point z € M we define a maximal -invariant subspace of T, M, ze M as follows:

Q.={XeT.M|AX € T.M for all A € 2.}.

Lemma 3.1. (/18]) For each z € M we have

(i) If N, is A-principal, then Q, = C,.
(ii) If N, is not A-principal, there exist a conjugation A € 2 and orthonormal vectors X,Y € V(A) such
that N, = cos(t)X + sin(t)JY for some t € (0,7/4]. Then we have Q, =C, © C(JX +7Y).

We now assume that M is a Hopf hypersurface. Then the shape operator S of M in Q™ satisfies

5§ = ag,

where oo = g(S¢, &) denotes the Reeb function for the Reeb vector field € = —JN on M.
When we consider a transform JX of the Kéhler structure J on Q™ for any vector field X on M in Q™,
we may put

JX =X +n(X)N
for a unit normal N to M. Then we consider the Codazzi equation
9(Vx )Y = (VyS8)X, Z) = n(X)g(¢Y, Z) —n(Y)g(¢X, Z) — 2n(Z)g(¢X,Y) + g(X, AN)g(AY, Z)
—9(Y,AN)g(AX, Z) + g(X, AQ)g(JAY, Z) — g(Y, A&)g(JAX, Z).
Putting Z = £ we get
9(VxS)Y = (Vy8)X,§) = =29(¢X,Y) + g(X, AN)g(Y, AS) — g(Y, AN)g(X, A¢)
= 9(X, AQ)g(JY, AL) + g(Y, A§)g(J X, AS).
On the other hand, we have
g(Vx9)Y — (Vy9)X,&) = g(VxS)EY) — g((VyS)E, X)
= (XanY) — (Ya)n(X) + ag((S¢ + ¢S)X.Y) — 29(SpSX,Y).
Comparing the previous two equations and putting X = ¢ yields
Reinserting this into the previous equation yields
g(Vx9)Y = (Vy8)X, &) = =29(§, AN)g(X, A)n(Y) + 29(X, AN)g(§, A )n(Y) + 29(§, AN)g(Y, AG)n(X)
—29(Y, AN)g(&, AGn(X) + ag((¢S + S$) X, Y) — 29(5¢SX,Y).

Altogether this implies
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=29(5¢SX,Y) —ag((¢S + 5¢)X,Y) — 29(¢X,Y) + g(X, AN)g(Y, AS) — g(Y, AN)g(X, A¢)
— 9(X, AG)g(JY, AG) + g(Y, AG)g(J X, AG) + 29(&, AN)g(X, An(Y) — 29(X, AN)g(&, A&)n(Y)
—29(& AN)g(Y, AGn(X) + 29(Y, AN)g(¢, AG)n(X).
At each point z € M we can choose A € 2, such that
N = cos(t)Z1 + sin(t)J Z3

for some orthonormal vectors Z1,Z> € V(A) and 0 <t < 7 (see Proposition 3 in [12]). Note that ¢ is a
function on M. First of all, since £ = —JN, we have

This implies g(§, AN) = 0 and hence

=29(S¢SX,Y) — ag((¢S+ So)X,Y) — 29(¢X,Y) + g(X, AN)g(Y, AE) — g(Y, AN)g(X, AE)
—9(X, A&)g(JY, AS) + g(Y, A)g(J X, AE) — 29(X, AN)g(§, An(Y) + 29(Y, AN)g(§, A )n(X).

4. Key lemma

By the equation of Gauss, the curvature tensor R(X,Y)Z for a real hypersurface M in Q™ induced
from the curvature tensor R of Q™ can be described in terms of the complex structure J and the complex
conjugations A € 2 as follows:

R(X,Y)Z =g(Y,2)X — g(X, 2)Y + g(¢Y, Z2)¢X — g(¢X, Z)¢Y —29(¢X,Y)dZ + g(AY, Z)AX
—g(AX, Z)AY + g(JAY, Z)JAX — g(JAX,Z)JAY + ¢(SY,Z)SX — g(SX,Z)SY
for any X,Y, Z€T, M, ze M.
From this, contracting Y and Z on M in Q™, for a real hypersurface M in Q™ we have
Ric(X) = 2m — )X — X — ¢*X — 2¢°X — g(AN,N)AX — X + g(AX,N)AN — g(JAN,N)JAX
— X +g(JAX,N)JAN + (Tr S$)SX — S?X
=(2m—-1)X = 3n(X){ — g(AN,N)AX + g(AX,N)AN — g(JAN,N)JAX + g(JAX,N)JAN
+(TrS)SX — S2°X
(4.1)
where Tr S denotes the trace of the shape operator S and we have used the following

2m—1

Z_il g(Ae;e;)) =TrA—g(AN,N) = —g(AN,N),
2m—1 2m
Yo 9(AXe)Ae; =3 g(AX, ei)Ae; — g(AX, N)AN = X — g(AX, N)AN,

2m—1 2m
Z,fl g(JAe;,e;)JAX = Z;lg(JAei.ei)JAX —g(JAN,N)JAX,
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and

2m—1

2m
> | 9(JAX )T Ae; = > 9(JAX, )] Ae; — g(JAX,N)JAN
1= 1=
= JAJAX — g(JAX,N)JAN
= X — g(JAX,N)JAN.

Now we want to check whether a pseudo-Einstein real hypersurface or a contact hypersurface in the
complex quadric @™ has pseudo-anti commuting Ricci tensor or not.

Example 4.1. Let M be a pseudo-Einstein real hypersurface in Q™. The Ricci tensor is given by Ric(X) =
aX +bn(X)E. Then Ric(¢pX) = apX and ¢Ric(X) = a¢X. This implies Ric-¢ 4+ ¢-Ric = k¢, &k = 2a. So M
satisfies the pseudo-anti commuting Ricci tensor property.

Example 4.2. When we consider a contact hypersurface M in the complex quadric @™, M is locally congruent

to a tube of radius r, 0 < 1 < QL\@, over a totally geodesic and totally real space form S™ in Q™ (see Suh

[18] and [19]). In [18] and [19] it is also shown that M has three distinct constant principal curvatures
a = —/2cot(v/2r), A = 0 and pu = v/2tan(y/2r) with multiplicities 1, m — 1 and m — 1 respectively. This
is equivalent to ¢S + S¢ = k¢, where k#0 is a constant. Moreover, the unit normal N of M in Q™ is
2-principal, that is, AN = N, and A¢ = —¢£. Then the Ricci tensor becomes

Ric(X) = (2m — 1)X — 2(X)é — AX + hSX — §°X
where h = Tr S is defined as the trace of the shape operator S on M and denotes the mean curvature of M

in Q™.
From this it follows that

(Ric¢ + ¢-Ric)X = (dm — 2)¢pX — (Ap + 9A)X
+h(Sp+ ¢S)X — (S*¢ + $S?*) X.
Since S¢ + ¢S = k¢ implies S¢S + $S? = k¢S and S%¢ + S¢S = kS¢ respectively, we get the following:
S%p +25¢S + ¢S% = k(pS + S¢).

On the other hand, in Suh [18] and [19] we saw the following for contact hypersurfaces in Q™ with
2A-principal normal vector field

2565 = a(S¢ + ¢S)X + 20X
= (ak +2)¢X
=0,

where we have used ak = —2. Then by the property (A¢ + ¢A)X = 0 for any vector field X on M in Q™,
it follows that

(Ric-¢ + ¢-Ric) X = {(4m — 2) + hk — k*} ¢ X.

Here from the anti-commutativity AJ = —J A between the Kéahler structure J and the complex conjugation
A we note that for the 2A-principal unit normal vector field
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0=AJX +JAX
= A(@X +n(X)N) + pAX + n(AX)N
= A¢pX + pAX +n(X)N +n(AX)N.

It follows that (A¢ + ¢A)X = 0, because g(ApX,N) = g(¢pX,N) = 0 and g(AX,N) = g(X,AN) =
g(X, N) =0 for any tangent vector field X on M.

Now we give an important proposition which will be used in the proof of our Main Theorem 2 as follows:

Proposition 4.3. Let M be a Hopf real hypersurface with pseudo-anti commuting Ricci tensor in the complex
quadric Q™. Then the unit normal N becomes singular, that is, N is either A-isotropic or A-principal.

Proof. By putting X = ¢ in (4.1), we have the following

Ric(§) = (2m — 1)§ — 3§ — g(AN, N)A§ — g(JAN, N)J Ag
+g(JAE, N)JAN + hSE — S2¢.

Now let us put X = £ into the condition of pseudo-anti commutativity Ric-¢ + ¢-Ric = k¢. We have
0 = ¢-Ric(€) = —g(AN, N)AE + g(JAE, N)$JAN = —2g(AN, N)$AE.

This gives (AN, N) = 0 or A = n(A&)E. From the first case we know that the unit normal vector field
N is -isotropic. In the second case, the involution property of the complex conjugation A on Q™ gives
& = A%¢ = BAE = B?¢, where we have put 3 = g(AE,€). This gives B = +1. Now let us consider 8 = —1.
Then A = —¢ = JN and A = —AJN = JAN. This means AN = N, that is, the unit normal vector field
N is QA-principal. O

By virtue of this proposition, naturally we consider two cases, that IV is either 2-isotropic or 2A-principal
for real hypersurfaces with pseudo-anti commuting Ricci tensor in Q™. So in section 5 we give a complete
classification of pseudo-anti commuting real hypersurfaces in Q™ with 2-principal unit normal vector field,
and in section 6 we will complete our Main Theorem 2 for the case of 2(-isotropic unit normal vector field.

In the proof of our Main Theorems 1 and 2, we want to give more information on Hopf hypersurfaces
in the complex quadric with 2-principal or 2-isotropic normal vector field. Using the formulas given in
section 3 we can prove two important lemmas as follows:

Lemma 4.4. ([18]) Let M be a Hopf hypersurface in Q™ such that the normal vector field N is 2A-principal ev-

erywhere. Then a is constant. Moreover, if X € C is a principal vector field of M with principal curvature A,

al+2
2 —a”

then 2\ # «a and ¢X is a principal vector field of M with principal curvature

Lemma 4.5. ([18]) Let M be a Hopf hypersurface in Q™, m > 3, such that the normal vector field N is
A-isotropic everywhere. Then « is constant.

5. Pseudo-anti commuting Ricci tensor for real hypersurfaces with 2(-principal normal vector field

In this section we consider an 2(-principal normal vector field IV, that is, AN = N, for a real hypersurface
M in @™. Then (4.1) becomes

Ric(X) = (2m — 1)X — 2n(X)¢é — AX + hSX — S2X (5.1)
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where h = Tr S denotes the mean curvature of M in @™, defined as the trace of the shape operator S on M.
Then from this, by differentiating the Ricci tensor, we have

(VxRic)Y = —29(Vx&,Y)E —2n(Y)VxE — (VxA)Y + (Xh)SY + h(VxS)Y — (sz2)y

= —29(¢SX,Y)E — 20(Y)$SX — (Vx A)Y + (Xh)SY + h(VxS)Y — (VxS2)Y, 52

where (VxA)YY = Vx(AY) — AVxY. Here, AY belongs to T, M, z € M, from the fact that g(AY,N) =
g(Y,;AN) = g(Y,N) = 0 for any tangent vector Y on M.
Now differentiate the condition of pseudo-anti commuting Ricci tensor as follows:

(VxRic)oY + Ric((Vx¢)Y) + (Vx¢)(Ric(Y)) + #(VxRic)Y = k(Vx¢)Y.

Then the first term becomes

(VxRic)pY = =29(¢SX,Y)E — 29(¢Y)Vx§ — (Vx A)QY + (XNh)SY
+h(VxS)gY — (Vx5?)gY.

The second term is

Ric((Vx)Y) = n(Y){(2m — 1)SX — 2an(X)é — ASX + hS*°X — S°X }
= g(SX,Y){2(m — 1)¢ + (ha — a®)€}.

The third term becomes

(Vx¢)(Ric(Y)) = n(Ric(Y))SX — g(SX, Ric(Y))¢
={2(m—1) + ha — o*}n(Y)SX (5.5)
—{ (2m —1)g(SX,Y) — 2an(Y)n(X) — g(SX, AY) 4+ hg(SX,SY) — g(SX, SQY)}.

Finally the fourth term is given by
#(VxRic)Y = —2n(Y)$*SX — ¢(Vx A)Y + (Xh)$SY + ho(VxS)Y — ¢(VxS?)Y. (5.6)

Summing up all the above terms, we have the following:

—29(¢SX,Y)E — (Vx A)PY + (XN)SPY + h(VxS)pY — (VxS?)pY

+n(Y){(2m —1)5X — 2an(X){ — ASX + hS*X — S°X}
— 9(SX,Y){2(m — 1)& + (ha — a®)&}
+{2(m — 1) + ha — o*}n(Y)SX
—{(2m = 1)g(SX,Y) = 2an(Y)n(X) — 9(SX, AY) (5.7)
+ hg(SX,8Y) — g(SX, S?Y) }¢
—2(Y)$*SX — ¢(VxA)Y + (Xh)pSY
+ho(VxS)Y — ¢(VxS*Y

=r{n(Y)SX — g(SX,Y)¢}.

Moreover, we get the following from the assumption of Hopf
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(Vx8)§ = Vx(8§) — SVx& = (Xa)§ + apSX — SSX,
and
(Vx82)¢ = Vx(52%€) — 82V x& = (XaP)E + a?pSX — S2pSX.
Then it follows that

9((Vx9)eY,§) = g(9Y, (Vx 5)E) = ag(¢SX, ¢Y) — g(SS5X, ¢Y)

and

9((VxS%)9Y, &) = g(9Y, (Vx §%)€) = a’g(¢SX, ¢Y) — g(S*$SX, ¢Y).

The inner product of (5.7) with the Reeb vector field £ while using the above formulas yields

—29(¢SX,Y) + hag(¢SX, ¢Y) — hg(SpSX, ¢Y)

— a?g(¢SX, 9Y) + g(S*$SX, ¢Y)
+n(Y){2(m — Dan(X) + (ha® — o®)n(X)}
—9(8X,Y){2(m — 1) + (ha — a?)}
+{2(m — 1) + (ha — o®)}an(X)n(Y)
—{(2m —1)g(5X,Y) = 2an(Y)n(X) — g(SX, AY)
+hg(SX,SY) — g(SX,S?Y)}¢

= r{an(X)n(Y) — g(SX,Y)}.

(5.8)

Now let us put SX = AX, Xe€T), where X is orthogonal to the Reeb vector field £, and S¢pX = pu¢ X, and
Y = X in (5.8). Then by Lemma 4.4 in section 4, we have

[—2+ha—hu—a2+u2—{2(m—1)+ha—a2}—{(2m— 1) —g(X,AXHhA—A?}}A: Y
For a non-vanishing principal curvature ), it can be rewritten as follows:
N2 —hA+p)—{d4m—1—-g(X,AX)} +r =0. (5.9)

In order to prove our Main Theorem 1, we consider the condition of pseudo-anti commuting Ricci tensor.
Then it follows that

Ric(¢X) + ¢Ric(X) = 2(2m — 1)¢X + h(S¢ + ¢S)X — (S0 + ¢S*) X

(5.10)
={k—2(2m —1)}¢X.
From this, if we consider X €T} such that SX = AX, S¢X = upX, p= ;‘;‘—f{i in (5.10), we have
N2 —h(A+p) - {2(2m —1) —x} =0. (5.11)

Comparing (5.9) and (5.11) for A0, we have that for any XeT)
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g(X, AX) = 1. (5.12)

This means that the eigenvector X in the principal curvature space Ty belongs to the eigenspace V' (A) with
complex conjugation A, that is, X€V(A), AX = X. Similarly, for the eigenvector Y €T}, with non-vanishing
principal curvature p#0 we have

N4 —hA+p) — {4m —1—g(Y,AY)} + k= 0. (5.13)
From this, if we compare with (5.11), we know that for any eigenvector Y'eT),, u#0,
g(Y,AY) = 1. (5.14)

Then (5.14) implies that the eigenvector Y €T}, belongs to the eigenspace V(A), that is, Y€V (A), AY =Y.
But the vector Y €T}, becomes Y = ¢X for an eigenvector X€T). Then this gives AY = ApX = —¢pAX =
—¢X = =Y, that is, Y€ JV(A), which gives a contradiction. Accordingly, we deduce that one of the principal
curvatures vanishes. So let us say A = 0. Then p = f%. By Lemma 3.1, the expression of the shape operator
S of M in Q™ becomes

o 0 0 0 07
0o -2 0 0 0

: 0

S=10 0 - =20 0
0 0 -+ 0 0 0

0 0 0 0 -0

This means that the shape operator satisfies S¢ + ¢S = k¢, where k = —%. Then by a theorem due to
Suh [18] and [19], M is a tube of radius r around a totally geodesic and totally real m-dimensional sphere
S™ in Q™.

6. Pseudo-anti commuting Ricci tensor for real hypersurfaces with 2(-isotropic normal vector field

In this section we want to prove our Main Theorem 2 for real hypersurfaces with pseudo-anti commuting
Ricci tensor in Q™ with 20-isotropic unit normal vector field.
Before proving our Main Theorem 2 we prove a proposition

Proposition 6.1. Let M be a Hopf real hypersurface with pseudo-anti commuting Ricci temnsor in complex
quadric Q™, m>3 with A-isotropic unit normal vector field. Then the distributions Q and Q+ = CSQ are
invariant under the shape operator S of M in Q™.

Proof. Since M is 2-isotropic, by the formulas in section 3 we know that g(AE&, &) =0, g(AN,N) = 0 and
g(A&, N) = 0. In this case the Ricci tensor becomes

Ric(X) = (2m — 1)X — 3n(X)& + g(AX, N)AN + g(AX,€)A¢ + hSX — S%X. (6.1)
From this, the condition of pseudo-anti commuting Ricci tensor ¢-Ric(X) + Ric(¢pX) = kX is given by
¢-Ric(X) 4+ Ric(¢pX) = 2(2m — 1)pX — 2g(AE, X)AN + 2g(AN, X) AL

+ h(pS 4 SP)X — (6S? + S?p) X (6.2)
= rkpX
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for any X tangent to M. Substituting the vector fields A{ and AN respectively and using pAN = A& and
PAL = —AN, we have

¢-Ric(Ag) = Ric(AN) — kAN
= —2mAN + hBpAE — B2HAEL (6.3)
= {~2m — hB + B2} AN,

where the function 8 denotes g(AE,€). This gives the following for some scalar functions § and v as fol-
lows:

Ric(AN) = 6AN and Ric(4€) = vAEL. (6.4)

Now we consider a new symmetric operator T' which is given by T = hS — S?. Then by (6.4) we know
that the new operator T preserves the distribution Q@+ = Span[A¢, AN], that is, ¢(TQ,Q*) = 0. Then
the commutativity, ST = TS, between the symmetric operator 7" and the shape operator S implies the
existence of a common basis on M which simultaneously diagonalizes both operators. By virtue of this
property we also have g(SQ, @Q*) = 0. This means that the distributions @ and Q* are invariant under the
shape operator S of M in Q™. This gives a complete proof of our Proposition. O

Since g(AN, N) = 0 for an -isotropic normal vector field, we know that AN = BN (see [18] and [19]),
where BN denotes the tangential part of AN. It follows that

Vy (BN) = Vy (AN) = {(Vy AN + AVy N}T = {q(Y)JAN — ASY}T,

and

Vy (A€) = {(Vy A)¢ + AVy €}
= {q(Y)JAE + ApSY )T,

where ¢ is a certain 1-form defined on T, M, z€M and (---)T denotes the tangential component of the vector
(+++) in Q™. We take the derivative of the Ricci tensor as follows:

(VyRic)X = Vy (Ric(X)) — Ric(Vy X)

= =3(Vym)(X)§ — 3n(X)Vy§
+ g(X,Vy(AN))AN + g(AX,N)Vy(AN)
+ 9((Vy (A), X)AS + n(AX)Vy (AE) + (Yh)SX
+h(VyS)X — (VyS?HX

= —39(¢SY, X)€ — 3n(X)pSY
+ {q(Y)g(JAN, X) — g(ASY, X)} AN
+g(AX, N){q(Y)JAN — ASY}T + {q(Y)g(JAE, X)
+ g(ApSY, X)YAE + n(AX){q(Y)JAE + ApSY }T
+ (Yh)SX + h(VyS)X — (VyS?)X.

(6.5)
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Using this formula, we will consider the derivative formula of the pseudo-anti commuting Ricci tensor
property as follows:

(VyRic)pX + Ric((Vy $)X) + (Vy d)Ric(X) + ¢(VyRic) X = k(Vy ) X.

Putting X = ¢ and using that the function « is constant in Lemma 4.5 in section 4 for -isotropic unit
normal vector field, it follows that

{(2m — 1)SY —3an(Y)¢ + g(ASY, N)AN + g(ASY, ) A¢ + hS?Y — S3Y'}
—2an(Y){2(m — 2)¢ + (ha — a®)€} 4+ {2(m — 2) + ha — a*}SY
— 362SY — g(ASY, )6 AN + g(ApSY, &) SAE (6.6)
— h{ag?SY — pSpSY} — {a?$?SY — $S?pSY'}
= r{SY —an(Y)¢}.
By virtue of Proposition 6.1, we may put
SAE =0A¢ and SAN =~AN.
Then substituting SAE = A and SAN = vAN into (6.6), it follows that
{(2m — 1)SY — 3an(Y)¢ + hS*Y — S3Y}
—2an(Y){2(m — 2)¢ + (ha — a?)¢}
+{2(m — 2) + ha — a?}SY — 3¢2SY (6.7)
— h{ag?SY — ¢pSPpSY} — {a?¢?SY — ¢S*pSY}
=r{SY —an(Y)¢}.
From this, by putting Y = A¢ into (6.7), and using n(SAE) = 0 and SAE = BAE, we have
{(2m — 1)BAE + (hB® — B%) A&} + {2(m — 2) + ha — a®}BAE
+ h{aBAE + pSHSAE} + 3BAE 4 {a?BAE + $pS?pS AL} (6.8)
= kPAE.
We use the following formulas:
PSPSAL = —PPSAN = —[v AL,
and
$SPPSAE = —BPS®AN = —py2 A¢,
because A = AN and pAE = —AN. Then (6.8) becomes
B8=0 (6.9)
or

K=4m —2+hp — %+ ha—ao® + hla—) + (a® —~?). (6.10)
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From these formulas we can prove the following lemma:

Lemma 6.2. Let M be a Hopf real hypersurface with pseudo-anti commuting Ricci tensor in the complex
quadric Q™. If SA¢ = BAE and SAN = yAN, then we have the following:

(i) the mean curvature h is non-vanishing,
i) B=y=0o0ra=p=1.

Proof. We apply the pseudo-anti commuting Ricci tensor condition to the vector field A¢ and use pAN = A€
and ¢A = —AN. Then we have

¢-Ric(Af) = Ric(AN) — KAN.
The left side of the above equation becomes
$-Ric(AE) = —2mAN + hBpAE — B2PAE
= {—2m — hj3 + B*}AN
and the right side becomes
Ric(AN) — kAN = {2m + hy — y*}AN — kAN.
Consequently
dm +h(B+7) = (8% +7°) = k.
From this, compared with the formula (6.10), we deduce
ho = hy + 1.
Therefore h£0. Similarly, if we apply the pseudo-anti commuting condition to AN, we find another formula
ha = hp + 1.
From these two formulas, we infer that h(8 —~) = 0. From this, the mean curvature h is non-vanishing and
B=7
Since the unit normal N is -isotropic, we know that g(&, A¢) = 0. Moreover, by Lemma 4.2 of [18], we
have the following:
2S6SX = a(Se + S)X + 26X — 29(X, AN)AE + 29(X, AE)AN. (6.11)

Now let us consider the distribution Q-+, which is an orthogonal complement of the maximal -invariant
subspace Q in the complex subbundle C of T, M, z € M in Q™. Then by Lemma 3.1 in section 3, the orthog-
onal complement Q1+ = C&Q becomes COQ = Span [AN, A¢]. Then by Proposition 6.1, the distribution
Q% is invariant under the shape operator S. Then (6.11) gives the following for SAN = yAN

(27 — @)SPAN = (ay + 2)pAN — 2A¢
= (ay+2)pAN — 20AN
= aypAN.
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Here if 2y — a = 0, then ay = 292 = 0. This means a = v = 0, which is in a contradiction to the above
formula ha = hy + 1. From this, together with A¢ = ¢ AN, we have the following

SAe = 2 4¢.
27—«

From this we know that v = 8 and 8 = 23‘1& imply

This gives a complete proof of our Lemma. O

Now we assume SY = \Y, Y€Q. Then (6.11) gives

al+ 2
SoY = uey, W= o

In fact, (6.11) yields (2A — a)S¢Y = (aX + 2)¢Y for any Y€Q, where Y is orthogonal to the vector fields
AN and A¢. Here, 2\ — a is non-vanishing. Because, if 2\ — o = 0, then a) + 2 = 2A%2 + 2 = 0, with
contradiction.

Substituting these formulas into (6.6), we have the following:

{2m — DA+ hA2 = X3} 4+ {2(m — 2) + ha — o} + 3\ + ha — hdp + @A — A\p? = K.

Without loss of generality, we can assume that one of the principal curvatures A and g is non-vanishing,
because we can take = —% if A =0. So let us say A#0. Then let us compare with the formulas from the
derivative and the condition of pseudo-anti commuting Ricci tensor respectively as follows:

k=202m—1)+hX =N+ ha —a® +ha — hy+ao? — 12
=2(2m — 1) + h(A + p) — (A* + p?).
This gives ha — hp = 0. Similarly, for SY = Y we have ha — hA = 0. Then these two formulas give

h(\ — p) = 0.

Since we have noted that the mean curvature h is non-vanishing in Lemma 6.2, A = y = ;‘;‘fé This implies

that A2 — aX — 1 = 0. Accordingly A = cotr or —tanr. From this, together with Lemma 6.2, the shape

operator S of Hopf hypersurface with pseudo-anti commuting Ricci tensor in Q™ can be expressed in the
two cases as

ra 0 O 0 0 0 0 7
0 0 O 0 0 0 0
0 0 O 0 0 0 0
0 0 O cotr 0 0 0
S = : : : ,
0 0 O 0 cotr 0 0
0 0 O 0 0 —tanr 0
_0 0 0 0 0 O —tz.anr_

or
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ra 0 O 0 0 0 0 7
0 a O 0 0 0 0
0 0 « 0 0 0 0
0 0 O cotr 0 0 0
S = : : : :
0 0 O cotr 0 0
0 0 O 0 0 —tanr 0
_O 0 O O 0 0 —tf.mr_

The first case means that the shape operator S and the structure tensor ¢ commute with each other,
that is, S¢ = ¢S, which is equivalent to isometric Reeb flow on M in Q™. Then by a result due to Suh [18]
and [19], M is locally congruent to a tube of radius r around a totally geodesic complex projective space
P (C) in Q?*. The second case also has the same property S¢ = ¢S. Then also by Suh [18] and [19], we
know that a(= = v) = 2cot 2r = 0. That means r = 7. In this case M is locally congruent to a tube of
radius 7 = 7 over a totally geodesic complex projective space Py(C) in Q?F. That is, M is minimal. So by
Lemma 6.2, this case does not occur. This completes the proof of our Main Theorem 1 for A-isotropic unit

normal N.
7. Ricci solitons and pseudo-anti commuting Ricci tensor

In this section we want to introduce the notion of Ricci flow 8%—(;) = —2Ric(g(¢)) and its solution named
Ricci soliton (M, g,V,p) due to Morgan and Tian [7]. It was used to solve the Poincaré Conjecture by
Perelman [8]. Next we will show that the Ricci soliton (M, g,V, p) satisfies the condition of pseudo-anti
commuting Ricci tensor.

Now let us denote by (M, g) an m-dimensional Riemannian manifold. Then (M, g) is said to be a Ricci

soliton if there exists a differentiable vector field V' such that
1 .
§(£Vg)(X7Y> +RIC(X7 Y) = pg(X, Y)? (71)

for any vector fields X,Y €T, M, ze M™ and a constant p. In this case we say that (M,g,V,p) is a Ricci
soliton with potential vector field V' and Ricci soliton constant p. Depending on the Ricci soliton constant
p=0,p<0orp>0, we say that the Ricci soliton (M, g,V, p) is stable, expanding or shrinking.

Now we assume that the potential vector field V' coincides with the Reeb vector field £. Then (7.1) is
equivalent to

Rie(X,Y) + 3((65 — S0)X,Y) = pg(X, ).

From this, Ric(X) = 3(S¢ — ¢S)X + pX. Then it gives respectively Ric(¢X) = poX + £(S¢ — #S)¢X and
¢Ric(X) = £(¢S¢ — $>S)X + ppX. By the assumption of M being Hopf, we have the following

1
Ric-¢(X) + ¢-Ric(X) = 206X + §(S<;52X — ¢*SX)

1 (7.2)
= 2p¢X + S{S(=X +0(X)€) + SX —n(SX)¢} :
= 2ppX.

So the Ricci soliton (M, g, &, p) satisfies the condition of pseudo-anti commuting Ricci tensor.

Ric-¢ + ¢-Ric = kp, Kk =2p # 0 : constant.
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Now let us consider a Hopf real hypersurface M in the complex quadric @™, m>3. Then the Hopf Ricci
soliton (M, g,&, k) satisfies the pseudo-anti commuting Ricci tensor property with Reeb potential vector
field £. So by Proposition 4.3, the unit normal N = J§ to M in the complex quadric Q™ is singular, that is,
N becomes 2A-principal or 2d-isotropic. Then we assert the following:

Lemma 7.1. Let M be a Hopf Ricci soliton real hypersurface in Q™ with potential Reeb field . Then the
Ricci soliton constant p is given by

(i) if N is A-principal
p=2(m—1)+ha—a?
(ii) and if N is A-isotropic
p=2(m—2)+ ha —a?
Proof. When the unit normal N is 2-principal, the Ricci tensor becomes the following
Ric(X) = (2m — 1)X — 2(X)¢é — AX + hSX — S?X.

Since (M, g,&, p) is a Hopf—Ricci soliton and has an -principal normal vector field, it satisfies

p= 3Le)(€.€) + Ric(t.)

9(Ric(¢),€)
=2(m — 1)+ ha — o2,

where we have used A{ = —¢ for 2-principal unit normal vector field.
When the unit normal N is 2d-isotropic, the Ricci tensor becomes

Ric(X) = (2m — 1)X — 3n(X)¢ + g(AX, N)AN + g(AX,€)A¢ + hSX — S2X.

Since (M, g,&, p) is a Hopf-Ricci soliton and N is 2-isotropic, it satisfies

p:

This completes the proof of our Lemma 7.1. O

Now let us prove our Main Theorem 2 in the introduction. Let (M, g, &, p) be a Hopf-Ricci soliton real
hypersurface in the complex quadric Q™. Then Lemma 7.1 (i) for the 2-principal unit normal N becomes

{1— (ha — a?)}X — 2p(X)é — AX + hSX — S2X + %(qu — S4)X = 0. (7.3)

On the other hand, the Hopf-Ricci soliton real hypersurface (M,g,&,p) satisfies the condition
Ric-¢ + ¢-Ric = k¢, kK = 2p, then by (i) in our Main Theorem 1 for 2-principal unit normal N such a
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hypersurface M is locally congruent to a tube over a totally geodesic and totally real submanifold S™
in Q™. Then by Suh [18] and [19], we know that the tube is characterized by S¢ + ¢S = ¢, e = —2. The
expression of the shape operator S of M in the complex quadric Q™ becomes

‘¢ 0 -~ 0 0 07

0 -2 ... 0 0 0

: 0

S=10 0 - =20 0
0O 0 -~ 0 0 0

0 0 0 0 0

So first we consider the following case:

Case 1. N is -principal.

Now we consider an eigen vector X €Ty, A = 0. Then XeV(A)®JV(A). In such a case we can divide
into 3 cases AX = X, AX = —X and AX = %Y - %Z for some Y€V (A) and Z€JV (A). Using these
properties in (7.3), we have three subcases as follows:

Subcase 1.1. X e V(A)NT, M, zeM.

In this case AX = X. Since X€T\, A = 0, we know that ha — a? = é On the other hand, from the

expressions of the tube over S™, we know that A — a = (m — 1)(—2). Then o = —/2 cot v/2r = fm.
Then the radius of the tube is given by r = % cot™? (m)

Subcase 1.2. X € JV(A)NT, M, ze M.
In this case AX = —X. Since Xe€T), A =0, we know that

{1f(hafa2)}X+X+éX:0.

Then % = ha — o?. But from the expressions of the shape operator S of M in Q™, we also have

(h— a@)a = —2(m — 1). From this, it follows that o = —v/2 cot v/2r = —5-. Then the radius of the tube is

. 1 -1 1
given byr—ﬂcot (2\/§'m)'

Subcase 1.3. X = \%Y—i— %Z for Y e V(ANT,M, Z e JV(A)NT, M, zeM.

In this case AX = %Y — %Z. Then it follows that
1 1 1 1 1 1 1
1—(ha—o® M (—=Y +——=2)—(—=Y - —2)+ (=Y - —2)=0.
= )}(\/i \/5) (\/5 \/5) a(\/i \/5)

From this, comparing the coefficients of the vector fields Y and Z respectively, we have the following

2

ha —a” = —
@
and
1
ha —a®=2— —.
o
Then we have o = —v/2cot /21 = 1, which gives a contradiction. So this case can not happen.

Next we consider a Ricci soliton Hopf real hypersurface (M, g,€,p) in the complex quadric @™ with
2A-isotropic unit normal N as follows:
Case 2. N is 2-isotropic.
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In this case we assume that the Ricci soliton (M, g, &, p) is non-minimal. It is known that the Hopf-Ricci
soliton (M, g, &, p) satisfies the pseudo-anti commuting Ricci tensor property. Then by (ii) in our Main The-
orem 1 for 2-isotropic unit normal N, M is locally congruent to a tube of radius  over CP* in Q%*. So the
shape operator S of the pseudo-anti commuting Hopf hypersurface in @™ can be expressed as

r¢ 0 0 0 0 0 0 7

0 0 O 0 0 0 0

0 0 O 0 0 0 0

0 0 0 cotr 0 0 0
S=|: : : : :

0 0 O cotr 0 0

0 0 O 0 0 —tanr 0

000 0 - 0 0 -~ —tanr]

On the other hand, as N is 2d-isotropic we know that

1 .
5 (Leg)(X,Y) + Rie(X,Y) = pg(X,Y)
where the Ricci soliton constant p is given by

p=2(m—2)+ha—a?

in Lemma 7.1. Then we get

1
5(5(;5 —¢S)X + (2m — 1)X — 3n(X)€ + g(AX, N)AN + g(A¢, X)AE + hSX — S2X
={2(m —2) + ha — a*}X.

From this, putting SX = cotrX, S¢X = cotr¢X, for X | Span{¢{, A, AN}, we have

3+ hcotr — cot>r = h(cotr — tanr) — (cot r — tanr)?.

This becomes
tan?r + htanr + 1 = 0,

where the trace h is given by h = a + 2(k — 1){cotr — tanr} = (2k — 1)(cot r — tanr). So it follows that
htanr = (2k—1)(cot r —tanr) tanr = 2k — 1 — (2k—1) tan? r. Then tan? r = £, that is, r = tan ™" \/%,
where 2(k — 1) denotes the multiplicities of the principal curvatures cot r and — tan r respectively. Of course,
this kind of tube becomes non-minimal and pseudo-Einstein as in the following remark:

Remark 7.2. We check whether the Ricci tensor of the tube M over a totally geodesic CP* in Q™, m = 2k,
mentioned in Suh [18] and [19] satisfies the notion of pseudo-Einstein or not. By a theorem due to Suh
[18] and [19], the shape operator S commutes with the structure tensor ¢, that is, S¢ = ¢S. In this case
we know that the normal vector field N of M in Q% is 2-isotropic. Then g(AN,N) = 0, g(A&,€) = 0,
g(A&, N) = 0. So let us suppose that M is pseudo-Einstein. Then for any vector field X on M the Ricci
tensor Ric becomes the following
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Ric(X) = (2m — 1)X — 3n(X)¢ + g(AX, N)AN + g(AX, &) A¢ + hSX — S?°X

(7.4)
=aX +bn(X)¢
for some constant real numbers a, b€ R. Putting X = ¢ into (7.4), we have
(a+b)§ = (2m — 4)¢ + (ha — a?)¢,
where
ha —a? = {2cot 2r + 2(k — 1)(cot r — tan7)}2 cot 2r — (2 cot 2r)?
=2(k —1)(2cot 2r)? = 8(k — 1) cot? 2r.

From this, together with m = 2k, we have

a+b=4(k—1){1+ 2cot?2r}. (7.5)

For any X orthogonal to the vector fields &, A¢, and AN such that SX = cotrX the equation (7.4)
becomes

aX = (4k — 1)X 4 {hcotr — cot® 7} X,
where

hcotr — cot® r = {2cot 2r + 2(k — 1)2cot 2r} cot r — cot? r
= (2k — 1)(cotr — tanr) cot r — cot?

=2(k — 1) cot?r — (2k — 1).
From this, together with (7.5), we have

a=2k+2(k—1)cot’r,
b= —2k+2(k—1)tan’r.

Putting X = A¢ into (7.4), and using the properties g(A&, €) = 0, A%2¢ = ¢ and SAE = 0, we have
aAf = (2m — 1) A& + A = 2mAE = 4k AL

From this, together with (7.5), it follows that a = 4k and b = —4 + 8(k — 1) cot? 2r. Comparing with the
previous values of a and b, we conclude that

cot’r = ——.
k—1

Summing up our discussions, we conclude that the tube of radius r = cot™! & around CP* in Q% is
a pseudo-Einstein Hopf real hypersurface in the complex quadric Q¥ with 2-isotropic unit normal vector
field. Of course, the constants a and b are respectively given by a = 4k and b = —4 + % They have been
calculated as follows:

a=2k+2(k—1)cot’r
k

=2 2k —1)——
k+2(k )k_l

— 4k,
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and
b= —2k+2(k—1)tan®r
2(k —1)?
= —2 _—
k+ 3
2 _
:—2k+2(k 2k +1)
k
2
= —4 —
%
respectively.

Moreover, it becomes a Ricci soliton (M, €, g, p) with Ricci soliton constant p = 2(m — 2) + ha — a? in
Lemma 7.1 and satisfies the condition of pseudo-anti commuting Ricci soliton, that is, Ric-¢ + ¢-Ric = ko,
k = 2p. Of course, the trace h is non-vanishing, that is, M is non-minimal.

Acknowledgements

The present author would like to express his deep gratitude to the referee for his careful reading of our
article and valuable suggestions to improve the first version of this manuscript.

References

[1] A.L. Besse, Einstein Manifolds, Springer-Verlag, 2008.
[2] T.E. Cecil, P.J. Ryan, Focal sets and real hypersurfaces in complex projective space, Trans. Am. Math. Soc. 269 (1982)
481-499.
[3] I. Jeong, Y.J. Suh, Pseudo-anti commuting and Ricci soliton real hypersurfaces in complex two-plane Grassmannians,
J. Geom. Phys. 86 (2014) 258-272.
[4] S. Klein, Totally geodesic submanifolds in the complex quadric, Differ. Geom. Appl. 26 (2008) 79-96.
[5] S. Kobayashi, K. Nomizu, Foundations of Differential Geometry, vol. I, Wiley Classics Library Ed., A Wiley-Interscience
Publ., 1996.
[6] M. Kon, Pseudo-Einstein real hypersurfaces in complex space forms, J. Differ. Geom. 14 (1979) 339-354.
[7] J. Morgan, G. Tian, Ricci Flow and Poincaré Conjecture, Clay Math. Inst. Monographs, vol. 3, Amer. Math. Soc., 2007.
[8] G. Perelman, Ricci flow with surgery on three-manifolds, arXivimath.DG /0303109, 2003.
[9] J.D. Pérez, Commutativity of Cho and structure Jacobi operators of a real hypersurface in a complex projective space,
Ann. Math. Pures Appl. 194 (2015) 1781-1794.
[10] J.D. Pérez, Y.J. Suh, Real hypersurfaces in complex two-plane Grassmannians with parallel and commuting Ricci tensor,
J. Korean Math. Soc. 44 (2007) 211-235.
[11] J.D. Pérez, Y.J. Suh, Y. Watanabe, Generalized Einstein real hypersurfaces in complex two-plane Grassmannians, J. Geom.
Phys. 60 (2010) 1806-1818.
[12] H. Reckziegel, On the geometry of the complex quadric, in: Geometry and Topology of Submanifolds VIII, Brussels/Nord-
fjordeid, 1995, World Sci. Publ., River Edge, NJ, 1995, pp. 302-315.
[13] M. Okumura, On some real hypersurfaces of a complex projective space, Trans. Am. Math. Soc. 212 (1975) 355-364.
[14] B. Smyth, Differential geometry of complex hypersurfaces, Ann. Math. 85 (1967) 246-266.
[15] Y.J. Suh, Real hypersurfaces of type B in complex two-plane Grassmannians, Monatshefte Math. 147 (2006) 337-355.
[16] Y.J. Suh, Hypersurfaces with isometric Reeb flow in complex hyperbolic two-plane Grassmannians, Adv. Appl. Math. 50
(2013) 645-659.
[17] Y.J. Suh, Real hypersurfaces in complex two-plane Grassmannians with harmonic curvature, J. Math. Pures Appl. 100
(2013) 16-33.
8] Y.J. Suh, Real hypersurfaces in the complex quadric with Reeb parallel shape operator, Int. J. Math. 25 (2014) 1450059.
9] Y.J. Suh, Real hypersurfaces in the complex quadric with parallel Ricci tensor, Adv. Math. 281 (2015) 886-905.
0] Y.J. Suh, Real hypersurfaces in complex quadric with harmonic curvature, J. Math. Pures Appl. 106 (2016) 393-410.
1] K. Yano, M. Kon, CR Submanifolds of Kaehlerian and Sasakian Manifolds, Birkhduser, Boston, Basel, Stuttgart, 1983.


http://refhub.elsevier.com/S0021-7824(16)30079-4/bib426573s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4352s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4352s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4A53s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4A53s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4Bs1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4B4Fs1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4B4Fs1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4B4Es1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4D54s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib5065s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib50s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib50s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib505332s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib505332s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib505357s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib505357s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib52s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib52s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4Fs1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib4253s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib5342s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib53s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib53s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib5348s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib5348s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib5331s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib5332s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib5333s1
http://refhub.elsevier.com/S0021-7824(16)30079-4/bib594Bs1

	Pseudo-anti commuting Ricci tensor and Ricci soliton real hypersurfaces in the complex quadric
	1 Introduction
	2 The complex quadric
	3 Some general equations
	4 Key lemma
	5 Pseudo-anti commuting Ricci tensor for real hypersurfaces with A-principal normal vector ﬁeld
	6 Pseudo-anti commuting Ricci tensor for real hypersurfaces with A-isotropic normal vector ﬁeld
	7 Ricci solitons and pseudo-anti commuting Ricci tensor
	Acknowledgements
	References


